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We investigate topological states of two-dimensional (2D) triangular lattices with multi-orbitals.
Tight-binding model calculations of a 2D triangular lattice based on px and py orbitals exhibit
very interesting doubly degenerate energy points at different positions (Γ and K/K′) in momentum
space, with quadratic non-Dirac and linear Dirac band dispersions, respectively. Counterintuitively,
the system shows a global topologically trivial rather than nontrivial state with consideration of
spin-orbit coupling due to the “destructive interference effect” between the topological states at
the Γ and K/K′ points. The topologically nontrivial state can emerge by introducing another set
of triangular lattices to the system (bitriangular lattices) due to the breakdown of the interference
effect. With first-principles calculations, we predict an intrinsic Chern insulating behavior (quantum
anomalous Hall effect) in a family of 2D triangular lattice metal-organic framework of Co(C21N3H15)
(TPyB-Co) from this scheme. Our results provide a different path and theoretical guidance for the
search for and design of new 2D topological quantum materials.
I. INTRODUCTION
The two-dimensional (2D) topological quantum states,
including quantum spin Hall (QSH) states, quantum
anomalous Hall (QAH) states, and their hybrid or de-
rived states, have attracted considerable attention re-
cently in condensed matter physics and material science
due to their very special topologically protected dissipa-
tionless edge states [1–4]. Up to the present, primarily
two strategies have been proposed to generate the QSH
state. One is the Kane-Mele model [5] that first came
up with a graphene system, a 2D star material with a
honeycomb lattice and Dirac bands. In this model, any
finite spin-orbit coupling (SOC) interaction can open a
nontrivial band gap at the degenerate Dirac point and
induce a QSH state. The other is the Bernevig-Hughes-
Zhang model [6, 7] proposed first in HgTe/CdTe quantum
wells, where the SOC-induced band inversion is crucial to
lead to the topological state. Both of these seminal mod-
els have inspired plenty of theoretical research to find
QSH states in new materials. When the time-reversal
symmetry of a QSH state is broken by an appropriate
internal magnetic exchange field, the QAH (Chern insu-
lating) state is in principle expected to appear, despite
actually not having the simplicity of magnetic introduc-
tion into the QSH systems [8, 9]. By virtue of the chiral
edge states, the QSH and QAH states hold great promise
in promoting the development of low-power-consumption
microelectronic devices. By now, even though the QSH
∗ zyang@fudan.edu.cn
and QAH states have been proposed theoretically in nu-
merous 2D material systems [9–30], the experimental ob-
servations of the QSH and QAH states have been re-
alized only in CdTe/HgTe/CdTe or InAs/GaSb/AlSb
quantum wells [7, 31] and Cr or V doped (Bi,Sb)2Te3
films [8, 32–34], respectively. The reason is that most
of the QSH and QAH effects predicted previously are
very difficult to carry out in experiments under realistic
conditions. Thus, finding more 2D QSH and/or QAH
material systems, which are relatively facile to fabricate
experimentally, and new mechanisms to realize the topo-
logical states in 2D atomic lattices beyond the hexagonal
lattice is indispensable and significant.
In this work, we give a physical picture of the topologi-
cal properties of a 2D triangular lattice featuring multiple
p orbitals (px and py) and put forward an effective way to
realize the QSH and QAH states by a tight-binding (TB)
model Hamiltonian analysis. A very interesting band
structure is found in the system: the two p bands are si-
multaneously degenerate at the Γ and K/K′ points with
quadratic non-Dirac and linear Dirac band dispersions,
respectively. Previously, the Dirac bands and non-Dirac
bands have been widely reported happening only sepa-
rately at K/K′ [5, 10, 28] and Γ [12, 27] points in different
systems. More amazingly, a “destructive interference ef-
fect” is observed between the topological states at the
Γ and K/K′ points, when the atomic SOC is taken into
account in the system. The local integrated Berry cur-
vatures around the SOC-induced gaps of ∆Γ and ∆K/K′
for the spin-up (spin-down) subspace of the TB Hamilto-
nian are +1 (-1) and -0.5/-0.5 (+0.5/+0.5), respectively,
leading to the zero total Chern number of the system
2(C = 0). To extract the topological behaviors at the Γ
or K/K′ points, the destructive interference effect must
be broken down, reached by constructing a TB-model
Hamiltonian for a bitriangular lattice, proposed in this
work. With first-principles calculations, we predict that
the different type of 2D triangular lattice metal-organic
framework Co(C21N3H15) (TPyB-Co) can realize intrin-
sic QAH states based on this scheme. Our findings are
helpful to understand deeply the topological states and
provide different strategies to search for and design new
QSH and QAH materials in rich 2D triangular lattice and
bitriangular lattice materials.
II. RESULTS AND DISCUSSION
A. TB model for triangular lattices
The schematic plot of a triangular lattice with one site
per unit cell is shown in Fig. 1(a). The total Hamiltonian
of this triangular lattice with two orbitals (px, py) per
lattice site can be written as
H(k)
= Hhop(k) +Hsoc −HM
=
[
Hhop↑ 0
0 Hhop↓
]
+
[
Hsoc↑ 0
0 Hsoc↓
]
−
[
MI 0
0 −MI
] (1)
where Hhop expresses the nearest-neighbor (NN) hop-
ping term of the sites, the up and down arrows indicate,
respectively, the spin-up and spin-down channels, Hsoc
is the on-site SOC term, HM is the magnetic exchange
field term, the M parameter is the applied exchange field
strength, and I is a unit matrix.
The hopping terms for the spin-up and spin-down
channels can both be expressed as (Hhop↑ = Hhop↓)
Hhop↑/↓ =
[
h11 h12
h21 h22
]
(2)
in which
h11 = εp + 2tpppi cos(
√
3ky) + (
3
2
tppσ
+ 1
2
tpppi)
(
cos(3
2
kx −
√
3
2
ky) + cos(
3
2
kx +
√
3
2
ky)
)
,
h12 =
√
3
2
(tpppi − tppσ)
(
cos(3
2
kx −
√
3
2
ky)−
cos(3
2
kx +
√
3
2
ky)
)
,
h21 = h12,
h22 = εp + 2tppσ cos(
√
3ky) + (
1
2
tppσ+
3
2
tpppi)
(
cos(3
2
kx −
√
3
2
ky) + cos(
3
2
kx +
√
3
2
ky)
)
, (3)
In Eq. (3), εp is the on-site energy for px and py orbitals,
and tpppi and tppσ are the NN hopping parameters cor-
responding to the pi and σ bonds formed by px and py
orbitals.
Since the on-site SOC term does not induce the cou-
pling between different spin components, the spin-up and
spin-down spaces are separated. Thus, for the different
spin subspaces, the on-site SOC terms can be written as
Hsoc↑/↓ = s · λ
[
0 −i
i 0
]
, (4)
where λ is the atomic SOC strength, and s = ±1 repre-
sent the spin-up and spin-down components, respectively.
The band structure of the triangular lattice with two
orbitals (px,py) per lattice site can be obtained based on
the above constructed TB-model Hamiltonian. The TB
parameters adopted in Fig. 1(b) are εp = 0.0eV, tppσ =
0.30eV, tpppi = −0.05eV, λ = 0.0eV,M = 0.0eV , where
only the NN hopping is considered. As demonstrated in
Fig. 1(b), the px and py bands are not only degenerate at
the Γ point [the Brillouin zone (BZ)], with quadratic non-
Dirac band dispersion, but also degenerate at the K/K′
points, with linear Dirac band dispersion. These band
characteristics are quite different from that obtained in
the previous TB model in the honeycomb lattice[5, 35].
The double degeneracy at the Γ and K/K′ points is due
to the C6 symmetry owned by the triangular lattice. The
different band dispersions at the Γ and K/K′ points can
be comprehended with the invariant theory [18, 36, 37].
Since the Γ point is a time reversal invariant point, the
linear k term in the energy eigenvalue at this point is
forbidden, while there is no such limitation at the K
and K′ points [37]. After the on-site SOC is included
in the calculations, the degeneracy of the quadratic non-
Dirac bands at the Γ point and linear Dirac bands at the
K/K′ points is lifted and band gaps are opened around
these points by any finite value of λ, as illustrated in Fig.
1(c) with λ = 0.1eV . If we set the hopping parameters
tpppi = −tppσ, the degenerate bands at the Γ point and
K/K′ points without SOC are located at the same energy
position [see Fig. 1(d)]. After the atomic SOC is taken
into account, a desirable global band gap is opened, as
shown in Fig. 1(e) (with λ = 0.1eV ).
B. Coupling effect of topological states
We now focus on the topological behaviors of the sys-
tem. Berry curvatures and Chern numbers are calculated
to identify the topological properties of the global SOC-
induced band gap in the 2D triangular lattice with the
two px and py orbitals per lattice site [Fig. 1(e)]. The
Berry curvature Ω(k) is calculated by [38, 39]
Ω(k) =
∑
n
fnΩn(k),
Ωn(k) = −2Im
∑
m 6=n
~
2 〈ψnk|vx|ψmk〉 〈ψmk|vy|ψnk〉
(Em − En)2 , (5)
where En is the eigenvalue of|ψnk〉, fn is the Fermi-Dirac
distribution function, υx and υy are the velocity opera-
tors, and the summation is over all of the occupied states.
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FIG. 1. Bands and Berry curvatures obtained from the TB model for a triangular lattice with two orbitals (px, py) per lattice
site. (a) Schematic plot of a triangular lattice with one site (A-site) per unit cell. The lattice unit vectors are chosen as ~a1 =√
3a(
√
3/2,−1/2) and ~a2 =
√
3a(
√
3/2, 1/2). (b),(c) The band structures calculated from the TB model with the parameters:
εp = 0.0eV ,tppσ = 0.30eV ,tpppi = −0.05eV , and M = 0.0eV . λ is (b) 0.0 eV and (c) 0.10 eV. (d),(e) The same as (b) and
(c), except for tpppi(= −tppσ) = −0.30eV . (f),(g) The Berry curvatures (blue dots) obtained for the spin-up and spin-down
subspace of the TB Hamiltonian with the parameters adopted in (e), respectively. The corresponding bands are also displayed
[red curves, the same as in (e)]. The insets in (f) and (g) are the magnified Berry curvatures and bands around the Γ point in
the vicinity of EF . (h) The distribution of the Berry curvatures in 2D momentum space for the spin-up subspace of the TB
Hamiltonian. (i) The TB band structure with the parameters used in (d) and (e), expect for M = 1.50eV . The red and blue
curves denote the spin-up and spin-down bands, respectively. The black curves denote the bands with SOC (λ = 0.10eV ).
The Chern number C is obtained by integrating the Ω(k)
over the first BZ, C = 1
2pi
∑
n
∫
BZ
d2kΩn. Since the spin-
up and spin-down subspaces are decoupled, one can cal-
culate the Berry curvatures separately for the spin-up
and spin-down subspaces of the TB Hamiltonian.
Figure 1(f) displays the calculated Berry curvatures
(blue dots) for the spin-up subspace Hamiltonian with
the parameters used in Fig. 1(e). The corresponding
bands are also shown (red curves). Clearly, the nonzero
Berry curvatures distribute around all the SOC-induced
gaps at the Γ, K, and K′ points. In this work, the
values of the Berry curvatures integrated around the
Γ, K, and K′ points are labeled as the CΓ, CK , and
CK′ , respectively. By integrating the Ω(k) around the
Γ, K, and K′ points, the nonzero numbers of CΓ↑ = 1,
CK↑ = −0.5, and CK′↑ = −0.5 are obtained, respec-
tively. Obviously, the Berry curvatures around the K
and K′ points have the same sign and both are neg-
ative, while the Ω(k) around the Γ point are positive
[see the inset of Fig. 1(f)] and have opposite sign to
those of the K and K′ points. The opposite distribu-
tion tendency around the Γ and K/K′ points can be seen
more explicitly in the corresponding distribution of Ω(k)
in the 2D momentum space in Fig. 1(h). The Ω(k)
distribution in the whole BZ [Fig. 1(h)] also emerges
the C6 symmetry, owned by the triangular lattice [Fig.
1(a)]. From the obtained CΓ↑ = 1, CK↑ = −0.5, and
CK′↑ = −0.5, we have Cnon−Dirac↑ = CΓ↑ = 1 and
CDirac↑ = CK↑ + CK′↑ = −1. Due to the opposite signs
of Chern numbers of the non-Dirac and Dirac bands, the
total Chern number for the spin-up subspace in the sys-
4tem is zero, i.e., C↑ = Cnon−Diarc↑ + CDiarc↑ = 0.
Similarly, Fig. 1(g) shows the corresponding results
for the spin-down subspace Hamiltonian, in which the
Berry curvatures around the Γ, K, and K′ points are all
opposite to the case of the spin-up subspace; namely,
CΓ↑ = −1, CK↓ = +0.5, and CK′↓ = +0.5. The total
Chern number for the spin-down subspace is also C↓ =
Cnon−Dirac↓ + CDirac↓ = CΓ↓ + CK↓ + CK′↓ = 0. Thus,
the spin Chern number, defined as Cs =
1
2
(C↑ − C↓), is
Cs=0, indicating that the global SOC-induced gap in the
2D triangular lattice [Fig. 1(e)] is a topologically trivial
state.
However, for the non-Dirac band around the Γ point,
the spin Chern number Cnon−Dirac,s = 12 (Cnon−Dirac↑ −
Cnon−Diarc↓) = 12 (CΓ↑ − CΓ↓) = 1. And for the Dirac
bands around the K and K′ points, the spin Chern num-
ber CDirac,s =
1
2
(CDiarc↑−CDiarc↓) = 12 ((CK↑+CK′↑)−
(CK↓ + CK′↓)) = −1. Thus, the local band gaps opened
for the non-Dirac band and Dirac bands around the Γ
and K/K′ points are both topologically nontrivial and
can present the QSH effect if they can be measured indi-
vidually in experiments. The nontrivial non-Dirac band
gap around the Γ point can provide a chiral spin current
flowing along the sample edges. They are also so for the
Dirac band gaps around the K and K′ points. Since the
spin Chern numbers for these two types of band gaps
are opposite (Cnon−Diarc,s = 1,CDiarc,s = −1), the chi-
ralities of the spin currents provided by the two types
of band gaps are opposite. Thus, the two sets of the
topology-protected chiral edge states cancel each other
and a global topologically trivial state is finally acquired
for the whole system. The global topologically trivial
state of the above system is the result of the coupling
effect, dubbed as destructive interference effect, between
the two topologically nontrivial states separately around
the K/K′ points with Dirac electrons and around the Γ
point with non-Dirac electrons due to the opposite Berry
curvatures. Similarly, the global topological property of
a system may be enhanced, with a high Chern number,
when a “constructive interference effect” happens. The
proposed interference effect expression is a vivid analogy
to that of light waves and helpful to intuitively under-
stand the global topological behavior of a system when
there are two or more nontrivial states around the EF in
the system. Here we present the coupling effect of topo-
logical states; usually attention to the topology of the
bands is merely around one point (such as at Γ [12, 27])
or one pair of points (such as K and K′ [5, 10, 28]) in
the first BZ. The concept of the coupling effect pushes
the understanding of the topological states one big step
ahead, and has a great impact on the global topological
behavior if two or more nontrivial gaps opened around
the EF in the systems.
When a relatively large exchange field is considered in
the model, the spin-up and spin-down bands can be com-
pletely separated from each other, as shown in Fig. 1(i)
with M = 1.5eV . Similarly, due to the destructive inter-
ference effect, the Chern numbers of the two separated
SOC-induced gaps for the whole spin-up and spin-down
bands are C↑ = 0 and C↓ = 0. Hence, the two band gaps
opened at about 1.5 and -1.5 eV are both topologically
trivial states rather than Chern insulating states. Besides
the p orbitals (px and py), the interference effect can also
happen in a 2D triangular lattice with two d orbitals per
lattice site, such as (dxy,dx2−y2) or (dxz and dyz) orbitals,
accommodated on the triangular lattice with C6 symme-
try. Thus, we provide very clear physical pictures of the
topological properties of the SOC-induced gap in 2D tri-
angular lattices with two p or d orbitals.
C. Topological states in bitriangular lattices
To acquire topologically nontrivial states in the 2D
triangular lattice with px and py orbitals, one direct
tactic is eliminating the destructive interference effect
through destroying the non-Dirac or Dirac band degen-
eracy, respectively, at the Γ and K/K′ points without
SOC. Since the symmetry of the BZ center (Γ point)
is higher than that of the K and K′ points, it is rela-
tively easy to break the Dirac band degeneracy at the
K and K′ points. Therefore, if the band gaps opened
at the K and K′ points become topological trivial, with
CK↑+CK′↑ = CK↓+CK′↓ = 0, the whole Chern numbers
for the spin-up and spin-down subspaces are then deter-
mined by the corresponding non-Dirac band around the
Γ point: C↑ = CΓ↑ + CK↑ + CK′↑ = CΓ↑ = +1 and
C↓ = CΓ↓ + CK↓ + CK′↓ = CΓ↓ = −1. For the whole
system, Cs =
1
2
(C↑−C↓) = 1, indicating the appearance
of the topologically nontrivial phase.
A different TB-model Hamiltonian for a bitriangular
lattice formed by two triangular lattices (p-d) is con-
structed to destroy the Dirac bands around the K and
K′ points. Figure 2(a) shows a schematic plot of the
bitriangular lattice formed by two different (A and B)
triangular lattices. The unit cell of this lattice contains
two nonequivalent sites (A-site and B-site). The A-site
and B-site in the “bitriangular lattice” are occupied by
different atoms. Thus, the atomic orbitals and on-site
energies of the A-site and B-site are different, while in
the previous widely studied “honeycomb lattice”[5, 26–
28, 35], same atoms with the same orbital types and pa-
rameters are localized at the A-site and B-site. There-
fore, the bitriangular lattice studied in this work is very
different from the traditional honeycomb lattice. The TB
model is built with the consideration of two orbitals of
(px, py) on each A-site and two orbitals of (dxy,dx2−y2) on
each B-site. In this bitriangular lattice, the NN hopping
happens between the nonequivalent A and B triangular
lattices, while the next-nearest-neighbor (NNN) hopping
occurs within the A or B triangular lattice. Similar to
the simple 2D triangular lattice above, the total Hamil-
tonian of the bitriangular lattice in the basis of (px, py,
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FIG. 2. Bands and Berry curvatures obtained from the TB model for the bitriangular lattice formed by two triangular lattices
with different orbitals. One is with two orbitals of px and py per lattice site and the other is with two orbitals of dxy and dx2−y2
per lattice site. (a) Schematic plot of the bitriangular lattice with two nonequivalent sites (A-site and B-site) per unit cell. The
lattice unit vectors are chosen as ~a1 =
√
3a(
√
3/2,−1/2) and ~a2 =
√
3a(
√
3/2, 1/2). (b) The band structure calculated from
the TB model with the parameters: εp = 0.0eV, tppσ = −0.04eV, tpppi = 0.01eV,MA = 0.0eV, λA = 0.0eV, εd = −2.00eV, tddδ =
−0.01eV, tddσ = −0.04eV, tddpi = 0.03eV,MB = 0.0eV, λB = 0.0eV, tpdσ = 0.0eV, tpdpi = 0.0eV . (c) The same as (b), except for
tpdσ = 0.25eV and tpdpi = 0.20eV . (d) The magnified bands near the EF in (c), formed by the px and py orbitals. (e) The same
as (d), except for λA = 0.01eV and λB = 0.01eV . (f),(g) The band structures (pink curves) and Berry curvatures (blue dots)
obtained for the spin-up and spin-down subspaces of the TB Hamiltonian with the parameters adopted in (e), respectively. The
bands are magnified near the band gap induced by the SOC interaction. In (b)–(g), the pink and orange colors indicate the
bands contributed by p and d orbitals, respectively. (h) The distribution of the Berry curvatures in 2D momentum space for the
spin-up subspace of the TB Hamiltonian. (i) The TB bands with the parameters used in (d) and (e), expect for MA = 0.20eV ,
MB = 0.20eV . The red and blue curves denote the spin-up and spin-down bands, respectively. The black curves denote the
bands with SOC (λA = 0.01eV and λB = 0.01eV ).
dxy, dx2−y2) can be written as
Hbi(k) = Hbi,hop(k) +Hbi,soc −Hbi,M
=
[
Hbi,hop↑ 0
0 Hbi,hop↓
]
+
[
Hbi,soc↑ 0
0 Hbi,soc↓
]
−


MAI 0
0 MBI
0
0
−MAI 0
0 −MBI

 , (6)
where Hbi,hop expresses the hopping term (including the
NN and NNN interactions) of the bitriangular lattice,
Hbi,soc is the on-site SOC term, Hbi,M is the magnetic
exchange field term in the lattice, and MA and MB are
the applied exchange field strengths on the A-site and B-
site, respectively. The concrete expression of the hopping
term of the bitriangular lattice is given in the Supporting
Note 1 of Supplemental Material [40]. More parameters
are needed to describe the hopping term in the bitrian-
gular lattice, including εp and εd (the onsite energies for
px/py and dxy/dx2−y2 orbitals, respectively), tppσ, tpppi,
tddδ, tddσ, and tddpi (the NNN hopping parameters), and
tpdσ and tpdpi (the NN hopping parameters).
For the different spin subspaces, the on-site SOC is
6written as a 4× 4 matrix:
Hbi,soc↑/↓ = s ·


0 −λAi 0 0
λAi 0 0 0
0 0 0 2λBi
0 0 −2λBi 0

 , (7)
where λA and λB is the atomic SOC strength of the A-
site and B-site, respectively. s = ±1 represent the spin-
up and spin-down components, respectively. The spin-up
and spin-down spaces are also decoupled as discussed for
the simple triangular lattice.
The band structures of the bitriangular lattice given
by above the TB Hamiltonian are given in Fig. 2, where
the px/py bands are considered not to mix with the
dxy/dx2−y2 bands. We first neglect the NN hopping and
only consider the NNN hopping, with which the band
structure is formed by the bands of two irrelevant trian-
gular lattices, as shown in Fig. 2(b). The TB parameters
set in Fig. 2(b) are εp = 0.0eV , tppσ = −0.04eV , tpppi =
0.01eV , MA = 0.0eV , λA = 0.0eV , εd = −2.00eV ,tddδ =
−0.01eV , tddσ = −0.04eV , tddpi = 0.03eV , MB = 0.0eV ,
λB = 0.0eV , tpdσ = 0.0eV , tpdpi = 0.0eV . Note that both
of the NN hoping parameters of tpdσ and tpdpi are cho-
sen to be zero, indicating no interaction between the A-B
sublattices. The pink and orange colors in Fig. 2(b) give
the bands formed by the p and d orbitals, respectively.
Similar to the bands in Fig. 1(b), both of the p and d
bands in Fig. 2(b) are not only degenerate at the Γ point
with quadratic non-Dirac band dispersion but also degen-
erate at the K/K′ points with linear Dirac band disper-
sion. When the hopping between the two nonequivalent
triangular lattices (the NN hopping) is turned on, the de-
generacy at the Γ point still keeps while the degeneracy at
the K and K′ points is eliminated, with large band gaps
opened at the K and K′ points, as displayed in Fig. 2(c)
by setting tpdσ = 0.25eV and tpdpi = 0.20eV (The bands
at the K′ point are not shown). The above band fea-
ture can be seen more clearly in Fig. 2(d), displaying the
magnified bands near the EF of Fig. 2(c), coming from
the triangular lattice with px and py orbitals. Therefore,
the NN hopping between the two nonequivalent A-B tri-
angular lattices in the bitriangular lattice can destroy the
Dirac bands and open large nontrivial band gaps at the
K and K′ points. When the on-site SOC term is applied,
the quadratic non-Dirac band touching at the Γ point is
removed and a band gap is opened [see Fig. 2(e), with
λA = 0.01eV and λB = 0.01eV ]. As expected, the de-
structive interference effect of the topological states is
successfully eliminated in the bitriangular lattice, result-
ing in the whole topology of the system determined solely
by the SOC-induced gap around the Γ point, as discussed
below.
Figure 2(f) shows the calculated Berry curvatures (blue
dots) for the spin-up subspace Hamiltonian with the pa-
rameters adopted in Fig. 2(e). The Ω(k) primarily dis-
tributes around the SOC-induced gap at the Γ point with
the similar distribution feature around the Γ point in Fig.
1(f), while the Ω(k) distribution around the K and K′
points are now opposite with small values. The distri-
bution of Ω(k) in 2D momentum space is given in Fig.
2(h), where the Ω(k) around the Γ point exhibits an ap-
proximate ring pattern and the Ω(k) around the K and
K′ points are very small and with opposite signs. Differ-
ent from the C6 symmetry owned in Fig. 1(h), the Ω(k)
distribution in Fig. 2(h) satisfies C3 symmetry, consis-
tent with the symmetry of the bitriangular lattice [Fig.
2(a)]. Actually, it is the absence of the inversion sym-
metry of the bitriangular lattice that causes the large
band gaps opened at the K and K′ points [Fig. 2(c)
and 2(d)] and opposite Berry curvature values around
these two points [Fig. 2(f) or Fig. 2(g)]. Integrating
the Ω(k) around the Γ and K/K′ points, the Chern num-
bers of CΓ↑ = +1 and CK↑ + CK′↑ = 0 are obtained,
and the total Chern number for the spin-up subspace
is C↑ = CΓ↑ + CK↑ + CK′↑ = CΓ↑ = +1. Figure 2(g)
presents the Ω(k) for the spin-down subspace (blue dot-
ted curve), and the total Chern number for the spin-down
subspace is C↓ = CΓ↓+CK↓+CK′↓ = CΓ↓ = −1. There-
fore, the spin Chern number is Cs =
1
2
(C↑ − C↓) = 1,
indicating the QSH state possessed by this bitriangular
lattice. The acquisition of the topologically nontrivial
state in this lattice can be ascribed to the breakdown
of the destructive interference effect since the topologi-
cal state at the K/K′ points is destroyed by the p-d NN
interaction between the two sets of the triangular lat-
tices [Figs. 2(c) and 2(d)]. When a magnetic exchange
field M is considered in the TB model, the spin-up and
spin-down bands split [see Fig. 2(i), with MA = 0.20eV ,
MB = 0.20eV ]. Clearly, the Chern numbers of C = +1
and C = −1 can be achieved at the spin-up and spin-
down band gaps, respectively. And Chern insulators will
be obtained when the EF is located inside these SOC-
induced band gaps (∆1 and ∆2).
To remove the interference effect of the topological
states, besides the (dxy, dx2−y2) orbitals, the B-site can
also own other orbitals, such as (px, py) or dz2 orbitals.
Due to the existence of the NN hopping between the
two triangular lattices, the topological states at the K/K′
points can be broken and the interference effect collapses
down. Thus, the topological behaviors of the whole sys-
tem are merely determined by the topological properties
around the Γ point. Note that if the B-site is set to
own the (dxz, dyz) orbitals, the destructive interference
effect cannot be eliminated due to the zero NN hopping
between (px, py) and (dxz, dyz) orbitals in the 2D bitrian-
gular lattice. The calculated TB band structures of the
2D bitriangular lattice with the (dxz, dyz) or dz2 orbitals
at the B-site are given in the Supplemental Material [40].
Hence, the underlying physics for the additional triangu-
lar lattice in the bitriangular lattice to lead to the QSH
or QAH states is whether the hopping interaction from
this additional lattice can open a trivial band gap at the
K/K′ points before the SOC is considered. Thus, appro-
priate p or d orbitals must be chosen at the B-site in the
bitriangular lattice to remove the interference effect and
make the whole system emerge topological behaviors.
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FIG. 3. Crystal structures and electronic properties of TPyB-Co. (a) The atomic structure of the TPyB-Co lattice. The top
right inset shows the first Brillouin zone and the special k points with high symmetries. The black solid lines indicate the
unit cell. The blue dashed and green solid lines outline the triangular lattices formed by the Co atoms and TPyB molecules,
respectively. (b) A schematic drawing depicting the bitriangular lattice formed by A and B sublattices. The A and B sublattices
represent the lattices formed by TPyB molecules and Co atoms, respectively. (c) The spatial distribution of spin-polarized
electron density for the FiM ground state of TPyB-Co. The yellow and light blue colors give the net spin-up and spin-down
charge densities, respectively. The inset denotes the spin directions of the AB-sublattices in the bitriangular lattice. (d) Band
structure of TPyB-Co without SOC. The red and blue curves denote the spin-up and spin-down bands, respectively. (e) The
PDOSs of TPyB-Co. The positive and negative values of PDOSs express the spin-up and spin-down components, respectively.
(f) The calculated three MLWFs corresponding to the three DFT spin-up bands in the rectangular dashed box in (d).
D. Electronic structures and topological properties
of TPyB-Co
The geometry optimization and electronic structure
calculations of the TPyB-Co are performed with pro-
jected augmented wave (PAW) [41] formalism by using
the first-principles calculations method based on density
functional theory, as implemented in the Vienna ab-initio
simulation package (VASP) [42]. The Perdew-Burke-
Ernzerhof generalized-gradient approximation (GGA-
PBE) is employed to describe the exchange and cor-
relation functional [43]. The GGA+U method [44] is
adopted to take into account the correlation effects of
the Co 3d electrons, and the on-site Coulomb interaction
U and the exchange interaction J are set to be 4.0 and
0.9 eV, respectively. All calculations are performed with
a plane-wave cutoff energy of 450 eV and a vacuum space
of larger than 15 A˚ is used to avoid the interaction be-
tween neighboring slabs. The convergence criterion for
the total energy is set to be 10−6 eV and all the atoms
in the TPyB-Co unit cell are allowed to relax until the
Hellmann-Feynman force on each atom is smaller than
0.01 eV/A˚. In addition, a sufficiently dense Monkhorst-
Pack k-point grid of 10×10×1 is adopted. The Berry cur-
vatures of TPyB-Co are calculated on the basis of Wan-
nier functions. We first construct the maximally localized
Wannier functions (MLWFs) [45, 46] through a non-self-
consistent calculations on a 6 × 6× 1 k-point grid based
on the previously converged self-consistent DFT charge
potential, as implemented in the Wannier90 package [47].
The numerical algorithm described in Ref. [48] is then
employed to calculate the Berry curvatures.
We now systematically investigate the electronic struc-
tures and topological properties of a 2D metal-organic
framework with the bitriangular lattice from density
functional theory (DFT) calculations and justify that
topologically nontrivial states can be realized in realis-
tic material systems with the above proposed mechanism.
The topologically nontrivial states have been proposed in
some 2D metal-organic frameworks [26–30], with certain
special lattice structures such as the honeycomb [26–28]
and kagome lattices [29, 30], formed by metal atoms or or-
ganic molecules. The topological states in the 2D honey-
comb lattice metal-organic[26–28] frameworks come from
the linear Dirac bands at the K/K′ points. Here, we ex-
plore a type of 2D triangular lattice metal-organic frame-
work Co(C21N3H15) (TPyB-Co), whose unit cell contains
one TPyB (C21N3H15) molecule and one Co atom, as
shown in Fig. 3a. The topological states in this type of
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FIG. 4. Featured band structures of TPyB-Co. (a) Zoom of
the band structure in the rectangular dashed box in Fig. 3d.
The red and blue curves denote the spin-up and spin-down
bands, respectively. The dotted curves express the bands
formed by the s molecular orbitals of TPyB. (b) The corre-
sponding band structure of (a) by including the SOC. (c),(d)
Magnification of the bands near the EF in (a) and (b), re-
spectively. The inset in (d) is the magnified bands around
the gap induced by the SOC interaction.
2D triangular lattice metal-organic frameworks (TPyB-
Co) come from the combination effect between Dirac and
non-Dirac bands (as shown in the above constructed TB
models), totally different from the previous widely stud-
ied 2D honeycomb lattices [26–28]. The TPyB-Co can
be treated as the bitriangular lattice discussed above
[Fig. 3(b)], where the TPyB molecule can be regarded
as the A-site and the Co atom can be regarded as the
B-site. Therefore, the TPyB and Co form two nonequiv-
alent triangular lattices. The atomic structure of TPyB-
Co is the same as Fe(C21N3H15) (TPyB-Fe) which has
been successfully synthesized in recent experiments [49].
The structural stability of the TPyB-Co is examined by
a first-principles molecular dynamics simulation, as dis-
played in Fig. S1 of the Supplemental Material [40]. The
optimized lattice constant in the ab plane is a = 13.48A˚
and the N-Co distance is about 1.996 A˚, indicating the
strong chemical binding between the Co atom and the
TPyB molecule. Interestingly, due to the interaction be-
tween the Co atom and TPyB molecule, the two 4s elec-
trons of the Co atom first transfer to its 3d orbital, then
one electron of Co atom transfers to the molecular orbital
of TPyB. The five spin-up occupied d states and three
spin-down occupied dxz, dyz, and dz2 states give rise to
a 2.0 µB local magnetic moment for a Co atom in the
system. In addition, the spin-down p orbitals just below
the EF [Fig. 3(e)], occupied by one electron transferred
from the Co atom, lead to a -1.0 µB local magnetic mo-
ment for the C and N atoms, which together with the
FIG. 5. Intrinsic Chern insulating state for TPyB-Co. (a)
The calculated band structure for TPyB-Co, obtained with
DFT methods (black solid curves) and Wannier interpolation
approaches (blue dots). The SOC interaction is considered.
The red dots denote the Berry curvatures of TPyB-Co. The
inset presents the distribution of the Berry curvatures around
the Γ point in the 2D Brillouin zone. (b) The calculated
anomalous Hall conductivity σxy as a function of the energy.
(c) The calculated bands of a TPyB-Co ribbon system based
on the Wannierized Hamiltonian. (d) The magnified bands
near the EF in (c). The blue curves denote the projected
bulk energy bands, while the red curves (A and B) represent
the chiral edge states localized on the two opposite sides of
the ribbon. (e) A schematic drawing depicting the TPyB-Co
ribbon. The red arrows on the opposite sides of the ribbon
represent the edge states A and B, respectively.
magnetic moment of the Co atom results in a 1.0 µB net
magnetic moment in the system. The total energy calcu-
lations show that the magnetic ground state of the sys-
tem is ferrimagnetic (FiM), with the local magnetic mo-
ments of Co and TPyB aligning in an anti-parallel style,
as indicated in Fig. 3(c). This FiM state is more stable
than the ferromagnetic (FM) and nonmagnetic states by
about 28.8 meV/unit cell and 1.92 eV/unit cell, respec-
tively. The spatial distribution of the FM spin-polarized
electron density is given in Fig. S2(a) of the Supplemen-
tal Material. In the following, the electronic properties
of the FiM TPyB-Co are chiefly investigated.
The calculated band structures and atomic orbital pro-
jected densities of states (PDOSs) of the TPyB-Co with-
out SOC are illustrated in Figs. 3(d) and 3(e), respec-
tively. As displayed in Fig. 3(d), six featured bands
9appear around the EF , exhibiting a magnetic metallic
states. These six featured bands primarily come from
the pz orbitals of C and N atoms of the TPyB molecule
[Fig. 3(e)]. Figure 3(f) gives the calculated maximally
localized Wannier functions (MLWFs) for the three spin-
up bands around the EF by using the Wannier90 pack-
age [47]. Remarkably, the three optimized MLWFs ex-
hibit a threefold rotational symmetry around the cen-
ter of the TPyB molecule, having the same features as
the sp2 hybridized orbitals. Hence, the TPyB molecule
can be considered effectively as a super-atom and the six
featured bands around the EF can be recognized to be
formed by sp2 hybrid molecular orbitals, which can be
equivalently transformed into s, px, and py molecular or-
bitals. The gaps opened in the px and py bands at the
K/K′ points are the result of the interactions from the
dxy/dx2−y2 (and dz2) orbitals at the B-site, as demon-
strated in the TB model section. Although there is less
overlap between the p and d orbitals in the energy range
from -0.3 eV to 0.6 eV [Fig. 3(e)], strong interactions
must exist between them, indicated by the obvious spin
polarization of p orbitals of the C and N atoms in the
system. Since the A-site (TPyB molecule) owns s, px,
and py molecular orbitals and the B-site (Co atom) con-
tains d orbitals, the electronic and topological properties
of the TPyB-Co can be physically studied by using the
TB model Hamiltonian constructed above for the bitri-
angular lattice. Figure 4(a) shows the magnified four
bands formed by px and py molecular orbitals (the solid
curves), possessing the similar band features as given by
the above TB model [Fig. 2(i)]. Note that in the above
TB model for the bitriangular lattice, the s orbital is not
considered for the A-site. Our TB model test calculations
show that the s orbital does not vary the trends of the
px and py orbitals at all if it is relatively far away from
them. The traditional s−p band inversion can not occur
around the Γ point unless the s orbital is close enough to
the multiple p orbitals [17]. The large band gaps of the
px and py orbitals for both the spin-up and spin-down
channels, opened at the K (or K′) point in Fig. 4(a), can
be well rationalized by the NN hopping between TPyB
molecule and Co atom. Nevertheless, the band touching
of the px and py orbitals at the Γ point for each spin
channel, with quadratic non-Dirac band dispersion, still
exists, illustrated more clearly in Fig. 4(c).
When the SOC is turned on in the DFT calculations,
a gap of 6.1 meV is opened around the EF (∆1), as
shown in Fig. 4(d), much larger than the gap opened in
graphene [50, 51]. The reason is due to the strong SOC
interactions here, enhanced by the px and py type molec-
ular orbitals [14] and the hybridization with Co atoms
[52]. It is also very commendable that the EF is ex-
actly localized within the nontrivial gap in the material
[Fig. 4(d)], which is favorable to experimental measure-
ments of the electronic transports. The Berry curvature,
Chern number, and edge states are calculated to identify
the topological property of this gap (∆1) by using the
combination of DFT calculations and MLWF methods.
Figure 5(a) shows the bands of TPyB-Co obtained from
the Wannier interpolation approach (blue dots), matched
perfectly with the DFT bands (solid black curves). The
integration of the Berry curvatures over the first BZ [the
inset of Fig. 5(a)] gives the Chern number of the system
with C = −1, indicating the existence of the Chern insu-
lating phase in the TPyB-Co. In addition, the anomalous
Hall conductivity σxy as a function of the energy is plot-
ted in Fig. 5(b). A quantized Hall conductivity platform
indeed appears around the EF , demonstrating an intrin-
sic Chern insulator of the TPyB-Co. The topologically
nontrivial states can also be judged from the topologi-
cal edge states of the target systems. By using the TB
model constructed from the MLWFs, the band structure
of the one-dimensional (1D) TPyB-Co nanoribbon is cal-
culated. As displayed in Fig. 5(c), the blue curves denote
the bulk states of the nanoribbon and the red curves de-
note the edge states. Figure 5(d) zooms in the bands
in Fig. 5(c) around the EF , from which the edge states
are explicitly seen within the SOC gap, confirming the
intrinsic Chern insulator of the system. The two edge
states of A and B represent one chiral conducting chan-
nel appearing on each side of the sample, as illustrated by
the schematic drawing in Fig. 5(e), consistent with the
obtained Chern number of C = −1. The electronic struc-
tures of the TPyB-Co with the metastable FM state are
also investigated (see Fig. S2 of the Supplemental Mate-
rial [40]). The results reveal that the intrinsic QAH state
also exists, indicating the robustness of the topological
state in TPyB-Co material systems.
III. CONCLUSIONS
The band structure of the simple 2D triangular lat-
tice in the basis of (px, py) contains band degeneracy
not only at the Γ point but also at the K/K′ points,
with quadratic non-Dirac and linear Dirac band disper-
sions, respectively. The topological properties of the sys-
tem are simultaneously determined by the non-Dirac and
Dirac bands, quite different from the previous widely
studied honeycomb lattice. Based on TB-model Hamil-
tonian calculations, the global SOC-induced gap in the
system is found to be topologically trivial rather than
nontrivial due to the interesting destructive interference
effect of the topological states at the Γ and K/K′ points.
To release the topological behaviors of the system, a
TB model Hamiltonian of a bitriangular lattice is con-
structed, which is formed by two triangular lattices [with
(px, py) and (dxy, dx2−y2) orbitals, respectively]. The
topologically nontrivial states can be achieved in this bi-
triangular lattice due to the breakdown of the destructive
interference effect, inferring that the bitriangular lattice
can be a genre of a very important prototype model for
exploring the QSH state or the QAH state beyond the
widely studied honeycomb lattices. The orbitals on the
other triangular lattice in the bitriangular lattice model
can also be extended to other orbitals, such as (px, py)
10
and dz2 . Our DFT calculations predict that this type
of 2D triangular lattice metal-organic framework TPyB-
Co is an intrinsic Chern insulator, rationalized well by
the constructed bitriangular TB model. The nearest-
neighbor hopping between the TPyB molecule and Co
atom removes the topological behaviors at the K and K′
points. The coupling effect of the topological states is
thus eliminated, leading to the release of the topological
state at the Γ point. The proposed TB model Hamilto-
nian will provide theoretical guidance for the search for
and design of 2D topological quantum states in a new
class of material systems with triangular lattices. Our
findings may greatly push the experimental realization
of QSH and QAH states in realistic 2D material systems.
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